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Abstract

We compute the N = 2 SUSY algebra of the massive Grassmannian sigma
model in (2+1) dimensions. We first rederive the action of the model by
using Scherk–Schwarz dimensional reduction from N = 1 theory in (3+1)
dimensions. Then, we perform canonical quantization by using the Dirac
method. We find that a particular choice of the operator ordering yields the
quantum SUSY algebra of Q-lumps with central extension.

PACS numbers: 11.30.Pb, 03.70+k, 11.10.−z

1. Introduction

Q-lumps [1, 2] are time-dependent topological objects which are stabilized by a Noether
charge of global symmetry like Q-balls [3] as well as a topological charge. It is well known
that Q-lumps are BPS objects and preserve a fraction of supersymmetries. In this respect,
there has been a great deal of interest in this object. In particular, Q-lump solutions in a
massive sigma model are investigated in [4–9], and the relation to the D-brane configuration
is also studied in [10–13]. In relation with supersymmetric gauge theories, the massive sigma
model can be realized as an effective action of non-Abelian vortex strings, which have been
discovered recently [14–16]. Q-lumps in supersymmetric gauge theories are examined in [17].

According to the well-known result of [18, 19], the SUSY algebra of Q-lumps will include
the central charges. In relation to the nonlinear sigma model, the central charges of the CPN

model were computed at the classical level [20, 21]. In this paper, we explicitly compute the
quantum SUSY algebra of Q-lumps in the massive Grassmannian model. The resulting SUSY
algebra can be expected to change by a mass term in the Hamiltonian compared with [20, 21],
but the precise expressions of the central charges and the Hamiltonian depend on the operator
ordering and we find that enforcing the SUSY algebra with central charges is closely tied to
some particular ordering prescription (see equations (3.24), (4.12), (4.13)).
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One way of obtaining the SUSY algebra is deriving it from supersymmetric transformation
rules. However, this route usually cannot deal with the operator ordering problem. Instead,
we perform canonical quantization via the Dirac method by carefully taking into account the
ordering ambiguity. It turns out that a specific choice of ordering yields the SUSY algebra
with central extension.

We first derive the off-shell action of the massive Grassmannian sigma model via Scherk–
Schwarz dimensional reduction [22], and then the Dirac analysis of constraints is applied to
get a classical SUSY algebra. After that we quantize the SUSY algebra by considering the
ordering problem.

2. N = 2 off-shell supersymmetric Grassmannian action

We consider the Grassmannian sigma model of which the target space is the coset space
SU(N + M)/S(U(N) × U(M)).1 It is possible to obtain N = 2 supersymmetric action
in (2+1) dimensions using a superfield formalism by dimensional reduction from an N = 1
supersymmetric model in (3+1) dimensions. The chiral and antichiral fields in the (N+M)×M

matrix and the vector fields in the M × M matrix in (3+1) dimensions are defined as follows:

�(xL, θ) = φ(xL) +
√

2θψ(xL) + θθF (xL), x
μ

L = xμ − iθσμθ̄, (2.1)

φ̄(xR, θ̄) = φ(xR) +
√

2θ̄ ψ̄(xR) + θ̄ θ̄ F̄ (xR), x
μ

R = xμ + iθσμθ̄, (2.2)

V = 2θ̄ σ̄ μθAμ + i(θθ)(θ̄ λ̄) − i(θ̄ θ̄ )(θλ) + (θθ)(θ̄ θ̄ )τ, (2.3)

and the Lagrangian can be written in the form [20, 23]∫
d4θ tr[φ̄�eV − V ] = tr

[
DμφDμφ +

i

2
(−Dμψσ̄μψ + ψ̄σ̄ μDμψ) + F̄F

− i√
2
ψ̄φλ̄ +

i√
2
φ̄ψλ + τ(φ̄φ − 1)

]
. (2.4)

In order to obtain the massive model in (2+1) dimensions we apply the Scherk–Schwarz
dimensional reduction [22, 24] specifying that the fields in the x3-direction are moving along
orbits of the Killing vectors f (φ) and f̄ (φ̄) in the Grassmannian manifold

∂φ

∂x3
= f (φ),

∂φ̄

∂x3
= f̄ (φ̄),

∂ψ

∂x3
= ∂f (φ)ψ,

∂ψ̄

∂x3
= ∂̄ f̄ (φ̄)ψ̄. (2.5)

The general forms of the Killing vector f (φ) and f̄ (φ̄) are given by

f (φ) = iMφ, f̄ (φ̄) = −iφ̄M, (2.6)

because the isometry SU(N + M) is linearly realized and the matrix M is a diagonal element
of it2. We substitute (2.5) and (2.6) into (2.4) to obtain (with A3 ≡ σ )

S =
∫

d3x tr

[
|Dμφ|2 +

i

2
(−Dμψγ μψ + ψ̄γ μDμψ) + F̄F − φ̄M2φ + 2φ̄Mφσ − φ̄φσ 2

+ ψ̄Mψ − ψ̄ψσ − i√
2
ψ̄φλ̄ +

i√
2
φ̄ψλ + τ(φ̄φ − 1)

]
. (2.7)

1 Extended supersymmetries of massive nonlinear sigma models have been studied in various dimensions [24–32].
2 However, the traceless condition for M can be relaxed by the constraint (2.8) since the Lagrangian is invariant
under the constant shift M to M + cI . Due to this fact, some Ms can be shifted to projection matrices, one of which
is used in (2.11).
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By constraints of the system

φ̄φ = I, φ̄ψα = 0 = ψ̄αφ, (2.8)

and eliminating auxiliary fields

F = 0, F̄ = 0,

σ = 1
2 (2φ̄Mφ − ψ̄ψ), Aμ = 1

2 (i∂μφ̄φ − iφ̄∂μφ − ψ̄γ μψ),
(2.9)

we obtain the action

S =
∫

d3x tr

[
|∂μφ|2 +

i

2
(−∂μψ̄γ μψ + ψ̄γ μ∂μψ) − 1

4
(i∂μφ̄φ − iφ̄∂μφ − ψ̄γμψ)2

+

(
φ̄Mφ − 1

2
ψ̄ψ

)2

− φ̄M2φ + ψ̄Mψ

]
. (2.10)

With the definition of M = mP where P is the (N + M) × (N + M) Hermitian projection
matrix satisfying P2 = P and m is a real positive number, the action is

S =
∫

d3x tr

[
|∂μφ|2 +

i

2
(−∂μψ̄γ μψ + ψ̄γ μ∂μψ) − 1

4
(i∂μφ̄φ − iφ̄∂μφ − ψ̄γμψ)2

+

(
mφ̄Pφ − 1

2
ψ̄ψ

)2

− m2φ̄Pφ + mψ̄Pψ

]
, (2.11)

which is the same as the one given in [9].

3. Dirac analysis

In this section, we perform the Dirac analysis, which is useful to calculate the algebra
of a constrained system, to obtain the SUSY algebra of the action (2.11). The massless
supersymmetric CPN model was studied in [20, 21]. The Hamiltonian of the system is

H =
∫

d2x tr

[
��̄ − |∂iφ|2 +

1

4
|∂iφ̄φ − φ̄∂iφ|2 +

i

2
(∂iψ̄γ iψ − ψ̄γ i∂iψ)

− i

2
(ψ̄γ iψ)(∂i φ̄φ − φ̄∂iφ) + m2{(φ̄Pφ) − (φ̄Pφ)2} + m(φ̄Pφ)(ψ̄ψ)

−m(ψ̄Pψ) +
1

4
(ψ̄γiψ)(ψ̄γ iψ) − 1

4
(ψ̄ψ)2

]
, (3.1)

where the conjugate momenta are given by

�i
a = δ

δφ̇a
i

∫
d2xL = (D0φ)

i

a, �̄a
i = δ

δ ˙̄φ
i

a

∫
d2xL = (D0φ)ai . (3.2)

We use Poisson brackets defined as follows:{
φa

i (x),�
j

b(y)
}

P.B.
= δa

b δ
j

i δ(x − y),

{
φ̄i

a(x), �̄b
j (y)

}
P.B.

= δb
aδ

i
j δ(x − y), (3.3)

{
ψa

αi(x), ψ †βj

b(y)
}

P.B.
= −iδβ

α δa
b δ

j

i δ(x − y).

There are one Gauss law constraint

φ̄�̄ − �φ − iψ̄γ 0ψ = 0, (3.4)

3
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and four second class constraints
C1b

a = φ̄i
aφ

b
i − δb

a ≈ 0, C2b
a = �i

aφ
b
i + φ̄i

a�̄
b
i ≈ 0,

C3b
a = ψ †i

aφ
b
i ≈ 0, C4b

a = φ̄i
aψ

b
i ≈ 0.

(3.5)

We label the second class constraints as CA ≡ (
C1b

a, C
2a
b, C

3a
b, C

4b
a

)
(A = 1, 2, . . . , 4M2),

and then the Dirac matrix is given by

� = {CA,CB}P.B. =

⎡
⎢⎢⎣

0 X 0 0
−XT Y 0 0

0 0 0 Z

0 0 ZT 0

⎤
⎥⎥⎦ ,

�−1 =

⎡
⎢⎢⎣

XT−1YX−1 X 0 0
−XT−1 0 0 0

0 0 0 ZT−1

0 0 Z−1 0

⎤
⎥⎥⎦ , (3.6)

where

XAB ≡ Xb
a; d

c = {
C1b

a, C
2d
c

}
P.B.

= 2δd
a δb

c ,

YAB ≡ Y b
a; d

c = {
C2b

a, C
2d
c

}
P.B.

= δd
a (�φ − φ̄�̄)bc − δb

c (�φ − φ̄�̄)da, (3.7)

ZAB ≡ Zb
a; d

c = {
C3b

a, C
4d
c

}
P.B.

= −iδd
a δd

c .

The Dirac bracket is defined by

{PA(x),QB(y)}D = {PA(x),QB(y)}P.B. −
∫

dz dz′{PA(x), CE(z)}P.B.

×�−1EF (z, z′){CF (z′),QB(y)}P.B.. (3.8)

Then the Dirac brackets between the physical variables are given by{
φa

i (x), φb
j (y)

}
D

= 0, (3.9)
{
φ̄i

a(x), φ̄
j

b(y)
}

D
= 0, (3.10)

{
φa

i (x), φ̄
j

b(y)
}

D
= 0, (3.11)

{
φa

i (x),�
j

b(y)
}

D
= δa

b

(
δ

j

i − 1
2φc

i φ̄
j
c

)
δ(x − y), (3.12){

φ̄i
a(x), �̄b

j (y)
}

D
= δb

a

(
δi
j − 1

2φc
j φ̄

i
c

)
δ(x − y), (3.13){

φa
i (x), �̄b

j (y)
}

D
= − 1

2φb
i φ

a
j δ(x − y), (3.14)

{
φ̄i

a(x),�
j

b(y)
}

D
= − 1

2 φ̄i
bφ̄

j
aδ(x − y), (3.15)

{
�i

a(x),�
j

b(y)
}

D
= [

1
4 φ̄i

bφ̄
j
c (�φ − φ̄�̄)ca − 1

4 φ̄i
cφ̄

j
a(�φ − φ̄�̄)cb

− 1
2

(
φ̄i

b�
j
a − �i

bφ̄
j
a

)]
δ(x − y), (3.16)

{
�̄a

i (x), �̄b
j (y)

}
D

= [
1
4φc

i φ
a
j (�φ − φ̄�̄)bc − 1

4φb
i φ

c
j (�φ − φ̄�̄)ac

− 1
2

(
φb

i �̄
a
j − �̄b

i φ
a
j

)]
δ(x − y), (3.17)

{
�i

a(x), �̄b
j (y)

}
D

= [
1
4 φ̄i

cφ
c
j (�φ − φ̄�̄)ba − 1

4 φ̄i
cφ

d
j (�φ − φ̄�̄)cdδ

b
a

− 1
2

(
φ̄i

c�̄
c
j − �i

cφ
c
j

)
δb
a + iψ †i

cψ
c
j δ

b
a

]
δ(x − y), (3.18)

4
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{
�i

a(x), ψ †αj

b(y)
}

D
= ψ †αi

bφ̄
j
aδ(x − y), (3.19){

�̄a
i (x), ψα

b
j (y)

}
D

= ψb
αiφ

a
j δ(x − y), (3.20)

{
ψa

αi(x), ψ †βj

b(y)
}

D
= −iδβ

α δa
b

(
δ

j

i − φc
i φ̄

j
c

)
δ(x − y). (3.21)

We use the Noether procedure to obtain the various conserved charges. First the
supercharge is

Qα =
∫

d2x tr[�ψα + ∂iφ̄(γ iγ 0ψ)α − imφ̄P(γ 0ψ)α]. (3.22)

The Hamiltonian is given by (3.1) and the momenta

P i =
∫

d2x tr

[
�∂iφ + ∂iφ̄�̄ +

i

2
(ψ̄γ 0∂iψ − ∂iψ̄γ 0ψ)

+
1

2
(−i�φ + iφ̄�̄ + ψ̄γ 0ψ)(i∂iφ̄φ − iφ̄∂iφ − ψ̄γ iψ)

]
, (3.23)

where the last term in (3.23) is a gauge degree of freedom. There is also a symmetry under
the transformations δφ = iPφ and δψ = iPψ , and the corresponding scalar Noether charge
is

U =
∫

d2x tr[i�Pφ − iφ̄P�̄ − ψ̄Pγ 0ψ]. (3.24)

We compute explicitly to obtain the Dirac brackets among the supercharges using the
relations (3.12)–(3.21)

{Qα,Q†β}D = −i(γ μγ 0)βαPμ − imγ 0β
αU − iγ 0β

α(2πT ) + γ iβ
αRi, (3.25)

where

T = i

2π

∫
d2x tr

[
εij

{
(∂i φ̄)(∂jφ) +

i

2
∂i(ψ̄γjψ)

}]
, (3.26)

Ri =
∫

d2x tr

[
1

2
∂i(ψ̄ψ) + m∂i(φ̄Pφ)

]
. (3.27)

4. Quantization of Dirac brackets

We quantize Dirac brackets (3.12)–(3.21). Assuming that the ordering of the second class
constraints is fixed as in (3.5), one of the possible choices of the ordering which makes all the
dynamical variables commute with the second class constraints is given by

[
φa

i (x),�
j

b(y)
] = iδa

b

(
δ

j

i − 1

2
φc

i φ̄
j
c

)
δ(x − y), (4.1)

[
φ̄i

a(x), �̄b
j (y)

] = iδb
a

(
δi
j − 1

2
φc

j φ̄
i
c

)
δ(x − y), (4.2)

[
φa

i (x), �̄b
j (y)

] = − i

2
φb

i φ
a
j δ(x − y), (4.3)

[
φ̄i

a(x),�
j

b(y)
] = − i

2
φ̄i

bφ̄
j
aδ(x − y), (4.4)

5
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[
�i

a(x),�
j

b(y)
] =

[
i

4
(�φ − φ̄�̄)caφ̄

i
bφ̄

j
c − i

4
(�φ − φ̄�̄)cbφ̄

i
cφ̄

j
a

− i

2

(
φ̄i

b�
j
a − φ̄j

a�
i
b

)]
δ(x − y), (4.5)

[
�̄a

i (x), �̄b
j (y)

] =
[

i

4
φc

i φ
a
j (�φ − φ̄�̄)bc − i

4
φb

i φ
c
j (�φ − φ̄�̄)ac

− i

2

(
�̄a

jφ
b
i − �̄b

i φ
a
j

)]
δ(x − y), (4.6)

[
�i

a(x), �̄b
j (y)

] =
[

i

4
φ̄i

cφ
c
j (�φ − φ̄�̄)ba − i

4
φ̄i

cφ
d
j (�φ − φ̄�̄)cdδ

b
a − i

2

(
φ̄i

c�̄
c
j − φc

j�
i
c

)
δb
a

−ψ †i
cψ

c
j δ

b
a − h

{
ψc

j , ψ
†i
c

}
δb
a

]
δ(x − y), (4.7)

[
�i

a(x), ψ †αj

b(y)
] = iψ †αi

bφ̄
j
aδ(x − y), (4.8)

[
�̄a

i (x), ψα
b
j (y)

] = iψb
αiφ

a
j δ(x − y), (4.9)

{
ψa

αi(x), ψ †βj

b(y)
} = δβ

α δa
b

(
δ

j

i − φc
i φ̄

j
c

)
δ(x − y). (4.10)

Note that with the above choice, (4.5) and (4.6) vanish for identical indices. This is the same
as the method of [33], where Dirac analysis is used for the bosonic CPN model. In the above
(4.7) the ordering parameter h is undetermined. It will be fixed by the SUSY algebra.

Since the supercharge in (3.22) does not have any ordering ambiguity, a straightforward
computation yields the following quantum SUSY algebra:

{Qα,Q†β} = δβ
α

∫
d2x tr

[
��̄ − |∂iφ̄|2 +

1

4
|∂iφ̄φ − φ̄∂iφ|2 +

i

2
(∂iψ̄γ iψ − ψ̄γ i∂iψ)

− i

2
(ψ̄γ iψ)(∂i φ̄φ − φ̄∂iφ) + m2{(φ̄Pφ) − (φ̄Pφ)2} + m(φ̄Pφ)(ψ̄ψ)

−m(ψ̄Pψ) +
1

4
(ψ̄γiψ)(ψ̄γ iψ) − 1

4
(ψ̄ψ)2

]

+
∫

d2xδβ
α

1

2
δa
a (ψ̄γ 0ψ)bb +

(
2h +

1

2

)
δa
a {(ψ̄γ 0)βψα}bb

+ (γ iγ 0)βα

∫
d2x tr

[
�∂iφ + ∂iφ̄�̄ +

i

2
(ψ̄γ 0∂iψ − ∂iψ̄γ 0ψ)

]

+ mγ 0β
α

∫
d2x tr[i�Pφ − iφ̄P�̄ − ψ̄Pγ 0ψ]

+ γ 0β
α(2π)

∫
d2x tr

[
iεij

2π

{
(∂i φ̄)(∂jφ) +

i

2
∂i(ψ̄γjψ)

}]

+ iγ iβ
α

∫
d2x tr

[
1

2
∂i(ψ̄ψ) + m∂i(φ̄Pφ)

]
. (4.11)

The first term in the fourth line arises from the ordering of the last two quartic terms of ψ in
(3.1), and therefore it can be absorbed in the definition of energy. We may appropriately fix
the parameter h to eliminate the second term in the line to make sure that the SUSY algebra
closes at quantum level. We choose h = − 1

4 to get the quantum SUSY algebra of the form,

{Qα,Q†β} = (γ μγ 0)βαPμ + mγ 0β
αU + γ 0β

α(2πT ) + iγ iβ
αRi, (4.12)

6
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where the quantum Hamiltonian is given by

P 0 =
∫

d2x tr

[
��̄ − |∂iφ̄|2 +

1

4
|∂iφ̄φ − φ̄∂iφ|2 +

i

2
(∂iψ̄γ iψ − ψ̄γ i∂iψ)

− i

2
(ψ̄γ iψ)(∂i φ̄φ − φ̄∂iφ) + m2{(φ̄Pφ) − (φ̄Pφ)2} + m(φ̄Pφ)(ψ̄ψ)

−m(ψ̄Pψ) +
1

4
(ψ̄γiψ)(ψ̄γ iψ) − 1

4
(ψ̄ψ)2 +

1

2
M(ψ̄γ 0ψ)

]
. (4.13)

Here M is the number of color indices and the other operators are the same as (3.23), (3.24),
(3.26) and (3.27).

It can be shown that the SUSY algebra (4.12) can be rewritten as

{
Q±α,Q

†β
±

} = 1

4

[{γ 0, γ μ}βα ± (γ μ + γ μ†)βα
]
Pμ +

1

2
m

(
γ 0β

α ± δβ
α

)
U +

1

2

(
γ 0β

α ± δβ
α

)
2πT,

(4.14){
Q±α,Q

†α
±

} = P0 ± mU ± 2πT, (4.15)

{
Q±α,Q

†β
∓

} = 1

4

{
[γ μ, γ 0]βα ∓ (γ μ − γ μ†)βα

}
Pμ +

i

2

(
γ iβ

α ± (γ 0γ i)βα
)
Ri, (4.16)

{
Q±α,Q

†α
∓

} = 0, (4.17)

where we redefine supercharges as Q±α ≡ ( 1±γ 0

2 Q
)
α
. The explicit forms of Q± and Q

†
± are

Q± = 1

2

∫
d2x tr[(1 ± γ 0)(∂0φ̄ ∓ imφ̄P)ψ + (γ iγ 0 ∓ γ i)∂i φ̄ψ], (4.18)

Q
†
± = 1

2

∫
d2x tr[ψ †(1 ± γ 0)(∂0φ ± imPφ) + ψ †(γ iγ 0 ± γ i)∂iφ]. (4.19)

From (4.15), the energy is bounded as P0 � m|U |+2π |T | and saturation occurs when Q+ = 0
or Q− = 0, i.e. the following Bogomolnyi equations are satisfied

∂0φ ± imPφ = 0, (4.20)

∂iφ ∓ iεij ∂
jφ = 0, (ε12 = 1), (4.21)

which shows that the Q-lumps are 1
2 BPS objects [9]. With these BPS equations satisfied, the

energy is given by

P0 = m|U | + 2π |T |. (4.22)

5. Conclusion

In this paper, we studied the N = 2 massive Grassmannian sigma model in (2+1) dimensions.
We derived the off-shell action by Scherk–Schwarz dimensional reduction from N = 1
formalism in (3+1) dimensions. We performed canonical analysis via the Dirac method and
computed the SUSY algebra. The SUSY algebra with central charge extension was obtained
with a fixed choice of the operator ordering.

It would be interesting to check whether other choices of ordering yield the same SUSY
algebra and to extend the present formalism to the N = 4 Grassmannian model in (2+1)
dimensions.
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